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The buckling of an axially loaded elastic composite beam with a nonlocal core or a nonlocal
connection system is studied in this paper. The composite beam or the sandwich beam is
composed of two EulerBernoulli beams with a nonlocal elastic interaction. This nonlocal
interaction is physically based on the Reissner's model based on three-parameters' interaction
function. The energy equations are ¯rst presented, and the di®erential equations are rigorously
obtained from a variational principle. We show that the connection model can be expressed in
an integral format, therefore, inducing the nonlocal character of this beam elastic interaction
model. Furthermore, the variational format of this nonlocal composite model is given, leading to
meaningful natural and higher-order boundary conditions. The system of these di®erential
equations can be reduced to a single 10th-order di®erential equation. We present an exact
method to solve this stability problem, based on Ferrari or Cardano's method. The solution can
be fully simpli¯ed in case of speci¯c boundary conditions with symmetrical considerations. The
stability domain is analytically characterized in the loading space for the pinnedpinned
boundary conditions. The correspondence between the buckling of the nonlocal composite
column and the shear composite column is discussed. Finally, it is shown that the Timoshenko
beam model is a nonlocal integral model.
Keywords: Sandwich beams; nonlocal mechanics; Reissner's model; buckling; higher-order
boundary conditions; gradient elasticity model; composite beams.
1. Introduction
Sandwich beams or composite connected beams are composed of two interacting
beams. There are many applications of such tri-layer composite structural members
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in civil engineering, but also in aerospace or mechanical engineering. Layered
structural elements with interlayer slip are typically encountered in wood design,
where wooden beams are made up of layers assembled by means of nailing, bolting, or
gluing (with a soft shear modulus). Partially composite structures built up by sub-
elements of di®erent materials and connected by shear connectors to form an
interacting unit, such as timber-concrete or steel-concrete elements, are widely used
in building engineering. In the case of a °exible connection, the analysis procedure
requires consideration of the interlayer slip between the subelements, leading to the
partial interaction concept.
The analysis of these composite structural members can be mainly gathered into
two categories. In the ¯rst category, the composite beam can be modeled by an
equivalent shear beam with ¯rst-order or higher-order theories (this is for instance
the approaches of Haringx, Engesser— see Refs. 13, or the higher-order theories of
Reddy — see for instance Ref. 4). In the second category, the composite beam is
subdivided into beams or shear layers with some possible kinematic discontinuities at
the boundary of each layer. Sandwich beam can be modeled with such a tri-layer
model. Sandwich beams are usually composed of three layers, two thin faces and a
thick weak shear core58 see also Refs. 9 and 10. The buckling solution of such a
sandwich column has been obtained by Ho® and Mautner.11 In this last family of
structural modeling, improved complexity is generally located on the beam kin-
ematics (with Timoshenko beam elements for each beam), shear layer constitutive
behavior with some possible inelastic phenomena (damage or plasticity phenomena),
or the possible °exible core.12,13 The constitutive behavior of the core is mainly
reduced to a local elastic behavior with some simpli¯ed kinematics. However, the
core plays a crucial role in the global stability behavior, and a high-order theory is
needed to improve the accuracy of the solution.
In this paper, we suggest to improve the core behavior by using a three-parameter
core model. This model is composed of °exible sti®ness with a central shear layer. We
will show that this core model is equivalent to a nonlocal elastic core model to account
for nonlocal interactions between each beam. This structural modeling can also be
viewed as the generalization of the recent study devoted to buckling of elastic column
on nonlocal foundation.14 This nonlocal foundation was shown to be equivalent to
Reissner's model.15 Reissner's model has been analyzed in the paper of Kerr16 and has
been used for plate foundation or simpli¯ed beam foundation by Horvath17 or for
EulerBernoulli beam models by Horvath.18 The bending behavior of Timoshenko
beams on Reissner foundation was studied by Avramidis and Mor¯dis.19 Wang and
Zhang20 recently used this three-parameter elastic foundation model for the analysis
of adhesively bonded joints. The recent paper of di Paola et al.21 should also be
mentioned for the presentation of a nonlocal foundation model based on an integral
operator introduced from fractional derivative mathematical tools. Friswell et al.22
studied elastic beams on nonlocal elastic and viscoelastic foundation.
Elastically connected beam models have also been used as continuous systems
models for carbon nanotubes (see for instance Refs. 2328). The elastic layer
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provides a linear model for interatomic van der Waals forces. The nonlocal character
of the constitutive behavior can be taken into account for each beam (see for instance
Refs. 25, 27 and 28), but the nonlocal character of the interaction has not been
previously considered. This paper presents some new results for the buckling of
elastically connected beams with a nonlocal behavior for the strong interaction
between the beams.
2. Energy Equations
The total potential energy of the axially loaded composite beams with a lateral
nonlocal interaction can be formulated as a functional of the de°ection variables:
U ½w1;w2;wk ¼
Z L
0
1
2
EI1w
002
1 dxþ
1
2
EI2w
002
2 þ
1
2
k1ðw1  wkÞ
2 þ
1
2
k2ðw2  wkÞ
2
þ
1
2
gw 02k dx
Z L
0
1
2
P1w
02
1 þ
1
2
P2w
02
2 dx; ð1Þ
where EI1 (or E1I1Þ is the °exural rigidity of one beam, and EI2 (or E2I2) is the
°exural rigidity of the other beam. The length of each beam is denoted by L. The
three-parameter interaction model (or Reissner's model) consists of two linear elastic
spring layers of constants k1 and k2, respectively, interconnected by a unit thickness
shear layer of constant g (Fig. 1). We will show that this model is a nonlocal
interaction model. w1ðxÞ is the de°ection of one beam, w2ðxÞ is the de°ection of the
second beam, and wk is the de°ection of the shear layer. The composite beam is
loaded by two independent load parameters ðP1;P2Þ acting on the centroidal axis of
each beam. By taking the stationarity condition of the total potential energy U ¼ 0
with respect to the assumed independent variables ðw1;w2;wkÞ, one obtains the
coupled system of di®erential equations:
EI1w
ð4Þ
1 þ P1w
00
1 þ k1ðw1  wkÞ ¼ 0
EI2w
ð4Þ
2 þ P2w
00
2 þ k2ðw2  wkÞ ¼ 0
ðk1 þ k2Þwk  gw
00
k ¼ k1w1 þ k2w2
8><
>: ; ð2Þ
P1P1
wk 
w1 
k1
k2
g
L
w2 
E1I1
E2I2
P2P2
Fig. 1. Hingehinge nonlocally connected beams.
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with the boundary conditions:
½ðEI1w
000
1  P1w
0
1Þw1
L
0 ¼ 0; ½EI1w
00
1w
0
1
L
0 ¼ 0;
½ðEI2w
000
2  P2w
0
2Þw2
L
0 ¼ 0; ½EI2w
00
2w
0
2
L
0 ¼ 0 and ½gw
0
kwk
L
0 ¼ 0:
ð3Þ
The last di®erential equation of Eq. (2) can be presented in the following format:
wk  l
2
cw
00
k ¼
k1w1 þ k2w2
k1 þ k2
with l2c ¼
g
k1 þ k2
: ð4Þ
Equation (4) shows that the de°ection in the shear layer wk can be also expressed in
an integral format of the average de°ections from the introduction of an integral
operator (see Ref. 29 and also Ref. 14):
w  l2cw
00 ¼ w) w ¼
Z L
0
Gðx; yÞwðyÞdy: ð5Þ
The weighting function G x; yð Þ is the Green's function of the di®erential system
with appropriate boundary conditions obtained from the variational principle (see
Eq. (3)). Therefore, the di®erential equation clearly shows that the shear de°ection
wkðxÞ is a spatial weighted average of the de°ection variables w1ðxÞ and w2ðxÞ.
wk ¼
k1w1 þk2w2
k1 þk2
¼
k1
k1 þ k2
w1 þ
k2
k1 þ k2
w2 : ð6Þ
The mathematical problem can be also reduced to a system of two integrodi®erential
equations by inserting the nonlocal dependence of wk with respect to the beam
de°ections:
EI1w
ð4Þ
1 þ P1w
00
1 þ f1½w1;w2 ¼ 0
EI2w
ð4Þ
2 þ P2w
00
2 þ f2½w2;w1 ¼ 0
(
with
f1½w1;w2 ¼ k1w1  k1
k1
k1 þ k2
w1 þ
k2
k1 þ k2
w2
 
f2½w1;w2 ¼ k2w2  k2
k1
k1 þ k2
w1 þ
k2
k1 þ k2
w2
 
:
8>><
>>:
ð7Þ
The nonlocal constitutive relationship can be also written in the following matrix
form:
f1
f2
 
¼
k1 0
0 k2
 
w1
w2
 

1
k1 þ k2
k21 k1k2
k1k2 k
2
2
!
w1
w2
 
: ð8Þ
This model generalizes the one-dimensional nonlocal constitutive relationship con-
sidered by Challamel et al.14 for buckling on nonlocal foundation (namely w2  0 in
the present problem). It is easy to check that this nonlocal constitutive relationship is
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reduced to the usual local interaction when the characteristic length lc is vanishing:
lc ! 0)
f1
f2
 
¼ keq
w1  w2
w2  w1
 
with keq ¼
k1k2
k1 þ k2
: ð9Þ
The system of three di®erential equations (2) can be reduced to a single equation
dealing with one variable, for instance the de°ection w1. Considering the ¯rst
equation of Eq. (2), the shear de°ection wk can be expressed with respect to w1:
wk ¼ w1 þ
P1
k1
w 001 þ
EI1
k1
w
ð4Þ
1 : ð10Þ
The third equation of Eq. (2) leads to the mathematical expression of w2 with respect
to w1:
w2 ¼ w1 þ P1
k1 þ k2
k1  k2

g
k2
 
w 001 þ EI1
k1 þ k2
k1  k2
 g
P1
k1  k2
 
w
ð4Þ
1  g
EI1
k1  k2
w
ð6Þ
1 :
ð11Þ
The ¯nal 10th di®erential equation is ¯nally obtained from the second equation of
Eq. (2) with the consideration of Eqs. (10) and (11):
A1w
ð10Þ
1 þ A2w
ð8Þ
1 þA3w
ð6Þ
1 þ A4w
ð4Þ
1 þ A5w
00
1 ¼ 0;
with
A1 ¼ g
EI1EI2
k1k2
; A2 ¼ EI1EI2
k1 þ k2
k1k2

g
k1k2
ðEI2P1 þ EI1P2Þ;
A3 ¼
k1 þ k2
k1k2
ðEI2P1 þ EI1P2Þ  g
EI1
k1
þ
EI2
k2
 
 g
P1P2
k1k2
A4 ¼ EI1 þ EI2  g
P1
k1
þ
P2
k2
 
þ P1P2
k1 þ k2
k1k2
and A5 ¼ P1 þ P2  g;
ð12Þ
with the 10 boundary conditions given by Eq. (3).
3. Method of Solution
We adopt the following nondimensional terms:
p1 ¼
P1L
2
EI1
; p2 ¼
P2L
2
EI2
; EI0 ¼ EI1 þ EI2; 1 ¼
EI1
EI0
; 2 ¼
EI2
EI0
;
2 ¼
1
l2c
¼
k1 þ k2
g
;  ¼ L; k1 ¼
k1L
4
EI1
; k2 ¼
k2L
4
EI2
;
g ¼
gL2
EI0
; 2 ¼
1k

1 þ 2k

2
g
; w ¼
w
L
; and x ¼
x
L
:
ð13Þ
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In view of the aforementioned terms, the 10th-order di®erential equation (12) may be
written in a dimensionless format with dimensionless di®erentiation as:
a1w
ð10Þ
1 þ a2w
ð8Þ
1 þ a3w
ð6Þ
1 þ a4w
ð4Þ
1 þ a5w
00
1 ¼ 0;
with
a1 ¼ 1; a2 ¼ 
2 þ p1 þ p2; a3 ¼ k

1 þ k

2  
2ðp1 þ p2Þ þ p1p2;
a4 ¼ 
k1k

2
g
þ p1k

2 þ p2k

1  
2p1p2 and
a5 ¼ k

1k

2  1
k1k

2
g
p1  2
k1k

2
g
p2:
ð14Þ
By integrating Eq. (14) twice, one obtains an 8th-order di®erential equation:
a1w
ð8Þ
1 þ a2w
ð6Þ
1 þ a3w
ð4Þ
1 þ a4w
00
1 þ a5w

1 ¼ a5ðC9x
 þ C10Þ: ð15Þ
This di®erential equation is linear with constant coe±cients, so that the solution can
be assumed in the form:
w1 ¼
X8
i¼1
Cie
ix

þ C9x
 þ C10: ð16Þ
The substitution of this solution into the 8th-order di®erential equation furnishes the
auxiliary equation as follows:
a1
8 þ a2
6 þ a3
4 þ a4
2 þ a5 ¼ 0: ð17Þ
The above equation is a quartic in z ¼ 2, namely
a1z
4 þ a2z
3 þ a3z
2 þ a4zþ a5 ¼ 0: ð18Þ
This quartic equation can be exactly analytically solved by using Ferrari or Car-
dano's method. In this paper, we present some analytical solutions for some speci¯c
boundary conditions, namely the pinnedpinned case.
4. Closed-Form Solutions
For the pinnedpinned case, the following boundary conditions are obtained from
the variational principle:
w1ð0Þ ¼w
00
1ð0Þ ¼ w1ðLÞ ¼ w
00
1ðLÞ ¼ 0 and
w2ð0Þ ¼w
00
2ð0Þ ¼ w2ðLÞ ¼ w
00
2ðLÞ ¼ 0; ð19Þ
with the higher-order boundary conditions expressed as:
wkð0Þ ¼ wkðLÞ ¼ 0 ð19aÞ
w 0kð0Þ ¼ wkðLÞ ¼ 0 or wkð0Þ ¼ w
0
kðLÞ ¼ 0 ð19bÞ
w 0kð0Þ ¼ w
0
kðLÞ ¼ 0: ð19cÞ
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A simple closed-form solution can be provided in the ¯rst case of these higher-order
boundary condition Eq. (19a), based on a complete sinusoidal basis of the de°ection.
This higher-order boundary condition corresponds to the case of strong adhesion of
the foundation material to the rigid wall (Kerr16). It is then possible to take a
sinusoidal buckling shape written as:
w 1ðx
Þ ¼ w0 sinðnx
Þ; ð20Þ
verifying the correct boundary conditions, and leading to the exact buckling load
boundary:
fðp1; p2Þ ¼ b1p1p2 þ b2p1 þ b3p2 þ b4 ¼ 0 with
b1 ¼ ðnÞ
4 þ 2ðnÞ2; b2 ¼ ðnÞ
6  2ðnÞ4  k2ðnÞ
2  1
k1k

2
g
;
b3 ¼ ðnÞ
6  2ðnÞ4  k1ðnÞ
2  2
k1k

2
g
and
b4 ¼ ðnÞ
8 þ 2ðnÞ6 þ ðk1 þ k

2ÞðnÞ
4 þ
k1k

2
g
ðnÞ2 þ k1k

2:
ð21Þ
Therefore, the exact buckling load boundary in the loading space ðp1; p2Þ is
expressed as:
p1 ¼ 
b3p2 þ b4
b1p2 þ b2
if p2 6¼ 
b2
b1
; or p2 ¼ 
b2p1 þ b4
b1p1 þ b3
if p1 6¼ 
b3
b1
: ð22Þ
The boundary of the stability domain in the loading space is shown in Figs. 2 and 3.
The maximum buckling load in each direction is obtained for:
@f
@pi
¼ 0; ð23Þ
leading to
p^1 ¼ 
b3
b1
¼
ðnÞ6 þ 2ðnÞ4 þ k1ðnÞ
2 þ 2
k 1k

2
g 
ðnÞ4 þ 2ðnÞ2
and
p^2 ¼ 
b2
b1
¼
ðnÞ6 þ 2ðnÞ4 þ k2ðnÞ
2 þ 1
k 1k

2
g 
ðnÞ4 þ 2ðnÞ2
:
ð24Þ
These values are the positive asymptotic values in each direction, for a coupled
dimensionless buckling load which tends toward an in¯nite negative valuetension
case (see Figs. 2 and 3). It is worth mentioning that the stability domain has the
convexity property in the loading space, a property that can be referred to the well-
known PapkovitchSchaefer theorem (see the applications of this theorem for out-
of-plane buckling problem3032).
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5. Buckling Cases
The symmetrical con¯guration with symmetrical boundary conditions is now studied
for the speci¯c structural parameters:
P1 ¼ P2 ¼
P0
2
; EI1 ¼ EI2 ¼
EI0
2
and k1 ¼ k2 ¼
k0
2
: ð25Þ
-8
-4
0
4
8
12
16
20
24
-8 -4 0 4 8 12 16 20 24
 p2
 p1
 p2=p1
Fig. 3. Stability domain in the space of loading parameters ðp1; p2Þ; unsymmetrical case; 1 ¼
1
4; 2 ¼
3
4;
k1 ¼ 150; k

2 ¼ 50; g
 ¼ 10.
-10
0
10
20
30
-10 0 10 20 30
p2
 p1
 p2=p1
Fig. 2. Stability domain in the space of loading parameters ðp1; p2Þ; symmetrical case; 1 ¼ 2 ¼
1
2;
k1 ¼ k

2 ¼ 100; g
 ¼ 10.
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The dimensionless parameters of the problem are then reduced to:
p0 ¼
P0L
2
EI0
; k0 ¼
k0L
4
EI0
; 2 ¼
1
l2c
¼
k0
g
;  ¼ L;
g ¼
gL2
EI0
; w ¼
w
L
and x ¼
x
L
:
ð26Þ
For symmetrical reasons, the buckling mode is symmetrical or antisymmetrical in
this con¯guration.
5.1. Antisymmetrical case
The antisymmetrical case is ¯rst considered, based on:
w1 ¼ w2 ¼ w: ð27Þ
The di®erential equations (2) are then reduced to a system of two di®erential
equations:
EI0w
ð4Þ þ P0w
00 þ k0ðw wkÞ ¼ 0
wk  l
2
cw
00
k ¼ w
(
with lc ¼
g
k0
: ð28Þ
The second di®erential equation clearly shows that the de°ection of the shear layer is
exactly equal to the nonlocal de°ection, according to Eringen's di®erential model.29
Finally, the sixth-order di®erential equation is obtained from:
g
EI0
k0
wð6Þ þ EI0  g
P0
k0
 
wð4Þ þ ðP0  gÞw
00 ¼ 0: ð29Þ
The closed-form solution for the pinnedpinned case is written as:
p0 ¼
ðnÞ4 þ 2ðnÞ2 þ 2g
ðnÞ2 þ 2
: ð30Þ
The \local" constitutive law is obtained for a vanishing length scale lc leading to the
buckling load p0 ¼ ðnÞ
2. Equation (30) clearly shows that the buckling load is
a®ected by the nonlocal character of the elastic connection law. The two asymptotic
cases correspond to the \local" noncomposite beam, and the full composite beam:
lim
 !0
p0 ¼ ðnÞ
2 and lim
!1
p0 ¼ ðnÞ
2 þ g: ð31Þ
The transition from the \local" noncomposite beam to the full composite beam is
shown in Fig. 4. For su±ciently small values of the dimensionless shear sti®ness g,
the fundamental buckling mode is obtained for n ¼ 1 (no phenomenon of mode
exchange). Note that the buckling load of the full composite beam ð !1Þ is ¯nite
and is expressed in terms of the buckling load of the noncomposite beam corrected by
the shear sti®ness (see Eq. (31)). Such kind of behaviors is generally observed for
composite beams with interlayer slip (see for instance Ref. 33). Furthermore, when
the shear sti®ness g is increasing, the phenomenon of buckling mode exchange
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appears (see also Ref. 34 for the out-of-plane behavior of composite beams). This is
clearly highlighted in Fig. 5. This phenomenon appears for the dimensionless shear
layer sti®ness approximately equal to g ¼ 90 (Fig. 6).
5.2. Symmetrical case
The symmetrical case is based on:
w1 ¼ w2 ¼ w and wk ¼ 0: ð32Þ
0
5
10
15
20
25
30
0.1 1 10 100
p0
p2 = pi2
g*  increasing
 p2 = pi2 +g*
α*
Fig. 4. Buckling load with respect to the connection parameter ; g 2 f1; 2; 4; 8; 16g; fundamental
(antisymmetrical) buckling mode; n ¼ 1.
0
50
100
150
200
250
0.1 1 10 100
p0
n=1
n=2
n=3
n=4
n=5
mode exchange
α*
Fig. 5. Phenomenon of mode exchange of the (antisymmetrical) buckling mode for su±ciently large
sti®ness connection parameter ; g ¼ 200.
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One recognizes the buckling di®erential equation of a beam on Winkler founda-
tion as:
EI0w
ð4Þ þ P0w
00 þ k0w ¼ 0; ð33Þ
whose buckling load is given for the pinnedpinned case as:
p0 ¼ ðnÞ
2 þ
k0
ðnÞ2
with k0 ¼ 
2g: ð34Þ
The comparison between the symmetrical and the antisymmetrical buckling mode is
shown in Fig. 7. The antisymmetrical buckling load leads to smaller buckling load,
compared to the symmetrical case, which can be easily explained from the following
inequality:
p
ðASÞ
0 ¼
ðnÞ4 þ 2ðnÞ2 þ 2g
ðnÞ2 þ 2
¼ðnÞ2 þ
2g
ðnÞ2 þ 2
< ðnÞ2 þ
2g
ðnÞ2
¼ p
ðSÞ
0 : ð35Þ
Note, however, that the symmetrical buckling load has no asymptotic limit in case of
in¯nite value of the connection parameter . The symmetric and antisymmetrical
buckling values are highlighted in Fig. 2 from the intersection of the symmetric axis
p1 ¼ p2 with the buckling load boundary.
0
50
100
150
0.1 1 10 100
p0
n=1
n=2
n=3
mode exchange
α*
Fig. 6. Phenomenon of mode exchange of the (antisymmetrical) buckling mode for su±ciently large
sti®ness connection parameter ; g ¼ 90.
11
6. Nonlocal Eringen's Law and Other General Nonlocal's Laws
The general nonlocal connection law can be also considered:
f1
f2
 
¼ keq 
w1  w2
w2  w1
 
þ ð1 Þ
w1 w2
w2 w1
  
with  ¼
a
lc
 
2
and keq ¼
k1k2
k1 þ k2
: ð36Þ
The case a ¼ lc, or equivalently  ¼ 1 leads to the local beam elastic interaction
given by Eq. (9). Such a combination of local and nonlocal variables has been already
used for beam nonlocal elastic model,35,36 dynamics of heterogeneous dispersive
materials,37 or inelastic nonlocal softening media.3840 Note that the nonlocal elastic
connection law can be also expressed in a di®erential format as:
f1  l
2
cf
00
1 ¼ keqðw1  a
2w 001Þ
f2  l
2
cf
00
2 ¼ keqðw2  a
2w 002Þ
(
with w1 ¼ w1  w2 ¼ w2: ð37Þ
Such a nonlocal model comprises the purely nonlocal connection model ða ¼ 0Þ, and
the gradient elasticity connection model ðlc ¼ 0Þ. This nonlocal model can be derived
from application of the variational principle written as:
U ½w1;w2;w 1 ¼
Z L
0
1
2
EI1w
002
1 dxþ
1
2
EI2w
002
2 þ
1
2
keqð2  1Þðw1Þ
2
þ
1
2
keqð1 Þðw1 w 1Þ
2 þ
1
2
keqð1 Þl
2
cðw
0
1Þ
2dx

Z L
0
1
2
P1w
02
1 þ
1
2
P2w
02
2 dx; ð38Þ
0
5
10
15
20
25
30
0.1 1 10 100
p0
p0 = pi2
 p0 = pi2 + g*
antisymmetrical case
symmetrical case
α*
Fig. 7. Comparison of the buckling load for the symmetrical and the antisymmetrical case; g ¼ 16.
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leading to the coupled system of the following di®erential equations:
EI1w
ð4Þ
1 þ P1w
00
1 þ keq½w1 þ ð1 Þw 1 ¼ 0
EI2w
ð4Þ
2 þ P2w
00
2 þ keq½w2 þ ð1 Þw 2 ¼ 0
w 1  l
2
cw
00
1 ¼ w1; w2 ¼ w1:
8><
>: ð39Þ
The symmetrical con¯guration (with symmetrical boundary conditions) is now
studied for the speci¯c structural parameters:
P1 ¼ P2 ¼
P0
2
; EI1 ¼ EI2 ¼
EI0
2
: ð40Þ
For symmetrical reasons, the buckling mode is symmetrical or antisymmetrical in
this con¯guration. The antisymmetrical case is ¯rst considered, based on:
w1 ¼ w2 ¼ w; ð41Þ
leading to:
EI0w
ð4Þ þ P0w
00 ¼ 0: ð42Þ
Therefore, the symmetrical mode is not in°uenced by some beam interaction
in°uences, neither nonlocal scale e®ects. The symmetrical mode is now considered,
based on:
w1 ¼ w2 ¼ w: ð43Þ
One recognizes the buckling di®erential equation of a beam on Reissner foun-
dation14 as:
EI0w
ð4Þ þ P0w
00 þ 4keq½wþ ð1 Þw  ¼ 0: ð44Þ
This problem has been already treated in Ref. 14, and such a symmetrical buckling
mode implicitly contains some scale e®ects. However, the fundamental symmetrical
buckling load is larger than the fundamental antisymmetrical buckling load that
does not contain any scale e®ects, and one can conclude that such a nonlocal mod-
eling has some apparent de¯ciencies from the inherent scale e®ect property (at least
for the symmetrical nonlocal connected columns).
7. Discussion on Shear Columns, Timoshenko
Theory as a Nonlocal Theory
This part is devoted to the Timoshenko theory that can be now understood as a
nonlocal theory. It is now acted that Timoshenko beam theory can be generalized to
a nonlocal framework using Eringen's nonlocal elastic law.41,42 Ma et al.43 also
developed a Timoshenko model based on a modi¯ed couple stress theory that can
capture the sti®ening e®ect at small length scales. However, the analysis of the local
Timoshenko model as a nonlocal theory has not been yet presented, to the authors'
knowledge. In the presence of axial loads, Engesser and Haringx's type models have
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to be distinguished.44 A discussion about the hyperelastic formulation of generic
Timoshenko models can be found in Attard and Hunt.2
The energy functional of Engesser-type column is given for this problem by:
U ½ ;w ¼
Z L
0
1
2
EI 02 þ
GA
2
ðw 0   Þ2 
1
2
Pw 02dx; ð45Þ
where  is the rotation; G is the shear modulus; A is the total area; and  is the
so-called shear coe±cient, a dimensionless factor. The stationarity of the energy
functional U ¼ 0 leads in this case to:
GAðw 00   0Þ þ Pw 00 ¼ 0
EI 00 þ GAðw 0   Þ ¼ 0

; ð46Þ
with the natural boundary conditions:
½EI 0 L0 ¼ 0 and ½ðEI 
00  Pw 0ÞwL0 ¼ 0: ð47Þ
The characteristic length lc can be introduced as:
lc ¼
ffiffiffiffiffiffiffiffiffiffiffi
EI
GA
r
: ð48Þ
The system of di®erential equations is now written with such a characteristic
length as:
EIðw 00   0Þ þ Pl2cw
00 ¼ 0
 l2c 
00 ¼ w 0
(
: ð49Þ
The second equation shows that the rotation is the nonlocal spatial average
variable of the slope angle w 0:
¼ w 0 with w 0  l2cw 0
00
¼ w 0: ð50Þ
The Timoshenko theory is clearly a nonlocal theory which can be expressed from the
energy functional of one variable:
U ½w ¼
Z L
0
1
2
EI w 0
0 2 þ GA
2
ðw 0  w 0Þ2 
1
2
Pw 02dx: ð51Þ
Furthermore, Eq. (49) leads to the uncoupled di®erential equation:
ðEI  Pl2cÞ 
000 þ P 0 ¼ 0 or ðEI  Pl 2cÞw
ð4Þ þ Pw 00 ¼ 0 with lc ¼
ffiffiffiffiffiffiffiffiffiffiffi
EI
GA
r
;
ð52Þ
leading to the well-known Engesser formulae for most boundary conditions except for
instance the ¯xed-pinned conditions45,46:
P T ¼
P E
1þ P E
GA
¼
P E
1þ P E
EI
l2c
: ð53Þ
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For instance, for the pinnedpinned case, the Engesser formulae are simpli¯ed in the
following equation:
P T
P E
¼
1
1þ 2 lc
L
 2 with P E ¼ EI L
 	
2
; ð54Þ
These are also the formulae of the in-plane and out-of-plane buckling problems of
EulerBernoulli beam model with Eringen's nonlocal law (see for instance Ref. 47).
In fact, the nonlocal EulerBernoulli constitutive law is written as:
M  l2cM
00 ¼ EI or equivalently M ¼ EI  with   l2c 
00
¼ ; ð55Þ
with  as the curvature (one can choose  ¼ w 00Þ. This nonlocal constitutive law
can be also presented in an integral format using the Green's operator of Eq. (5):
MðxÞ ¼
Z L
0
Gðx; yÞðyÞdy: ð56Þ
The elastic energy of the nonlocal EulerBernoulli column can be expressed in the
following form35,36:
U ½w ¼
Z L
0
1
2
EI 
1
2
Pw 02dx; ð57Þ
Equation (57) is also equivalent to the double integral representation of the nonlocal
beam problem, generally considered for integral nonlocal elasticity problems:
U ½w ¼
Z L
0
Z L
0
1
2
EIGðx; yÞðxÞðyÞdxdy
Z L
0
1
2
Pw 02dx; ð58Þ
which is also equivalent to:
U ½w ¼
Z L
0
1
2
M
1
2
Pw 02dx with M ¼ EI : ð59Þ
The energy functional is also shown to be equivalent to the simpli¯ed expression in
case of Eringen's model47:
U ½w ¼
Z L
0
1
2
ðEI  Pl2cÞw
002 
1
2
Pw 02dx: ð60Þ
The di®erential equation of the buckling of nonlocal EulerBernoulli column is
obtained from the application of variational principle and is given for instance by
Zhang et al.36:
ðEI  Pl2cÞw
ð4Þ þ Pw 00 ¼ 0; ð61Þ
which is exactly the di®erential equation of the Timoshenko column (see Eq. 52).
Zhang et al.36 already mentioned the analogy between the vibration problems of
nonlocal EulerBernoulli beams and the vibration problems of Rayleigh beams. It is
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shown in the present paper that the buckling problem of Timoshenko column is
analogous to one of the nonlocal EulerBernoulli columns from the analogous
di®erential equations. Therefore, Timoshenko buckling formulae will be strictly
equivalent to nonlocal EulerBernoulli buckling formulae if the same boundary
conditions at the beam extremity are equivalent.
Finally, we would like to discuss the Haringx-type formulae from the nonlocal
point of view. The energy functional of Haringx-type column is given by:
U ¼
Z L
0
1
2
EI 02 þ
GAþ P
2
ðw 0   Þ2 
1
2
Pw 02dx: ð62Þ
The stationarity of the energy functional U ¼ 0 furnishes:
GAw 00 þ ðGAþ P Þ 0 ¼ 0
EI 00 þ ðGAþ P Þðw 0   Þ ¼ 0

ð63Þ
and leads to the nonlocal loading-dependent constitutive law:
 l2c  
00 ¼ w 0 with lc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EI
GAþ P
r
: ð64Þ
In this case, the rotation  is still a nonlocal spatial average variable of the slope
angle w 0 but the \characteristic" length lc is no more material-dependent but also
loading-dependent. Furthermore, the di®erential equations of Haringx-type column
can be presented with a single variable as:
EI 000 þ P 1þ
P
GA
 
0 ¼ 0 or EIwð4Þ þ P 1þ
P
GA
 
w 00 ¼ 0: ð65Þ
This last di®erential equation can be also presented in the di®erential equation of the
nonlocal problem:
ðEI  Pl2c Þw
ð4Þ þ Pw 00 ¼ 0 with lc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EI
GAþ P
r
; ð66Þ
leading to Haringx-type formulae1:
P T ¼
GA
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4
PE
GA
r
 1
!
: ð67Þ
8. Concluding Remarks
The buckling of an axially loaded elastic composite beam with a nonlocal core or a
nonlocal connection system has been studied in this paper. The analytical results
presented in this paper generalize the results recently published on the buckling of
homogeneous columns on nonlocal elastic foundation.14 The composite beam or the
sandwich beam is composed of two EulerBernoulli beams with a nonlocal elastic
interaction. This nonlocal interaction is physically based on the Reissner's model
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based on three-parameters' interaction function. The connection model can be
expressed in an integral format, using Eringen's di®erential equation,29 thereby
inducing the nonlocal character of this beam elastic interaction model. The
buckling solution is sensitive to some scale e®ects inherently contained in the non-
local elastic law.
Some closed-form solutions of the buckling loads are given for the case of pin-
nedpinned boundary conditions. The correspondence between the buckling of the
nonlocal composite column and the shear composite column is discussed. It is shown
that the buckling behavior of this nonlocal composite column is close to one of the
sandwich beams or composite beam-columns with interlayer slip. Finally, it is shown
that the Timoshenko beam model is a nonlocal integral EulerBernoulli model. The
scale e®ects are speci¯cally highlighted for this nonlocal model.
The extension of such a beam interaction model, including the general stability-
dynamics coupling, is envisaged for general boundary conditions. The generalization
of the nonlocal transversal interaction to a coupling with some shear interaction
could be also studied to complete the interaction kinematics. The applications of
such study can be also found for RC beams strengthened with composite laminates
(see for instance Ref. 20,48). The kinematics of the adhesive layer is generally con-
sidered to play a crucial role from the global structural analysis: the physically
motivated nonlocal model presented in this paper may be used for the understanding
of the adhesive layer behavior, without ad-hoc assumptions relating the de°ection in
the shear layer from the de°ections of the two other subelements.
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